We evaluate the third-and fourth-order baryon, charge and strangeness susceptibilities near a chiral critical point using the Nambu-Jona-Lasinio model. We identify robust qualitative behaviours of the susceptibilities along hypothetical freeze-out lines that agree with previous model studies. Quantitatively, baryon number fluctuations are the largest in magnitude and thus offer the strongest signal when freeze-out occurs farther away from a critical point. Charge and strangeness susceptibilities also diverge at a critical point, but the area where the divergence dominates is smaller, meaning freeze-out must occur closer to a critical point for a signal to be visible in these observables. In case of strangeness, this is attributable to the relatively large strange quark mass. Plotting the thirdand fourth-order susceptibilities against each other along the freeze-out line exhibits clearly their non-montonicity and robust features.
I. INTRODUCTION
Heavy ion collision experiments and lattice simulations are probing the phase diagram of QCD matter to help understand the chiral and deconfinement phase transitions [1] . These experiments have shown that at low density, the transition is a continuous cross-over at T ∼ 165 MeV [2] . At high density, models lead to the expectation that the transition is first order. This structure would be verified by locating a critical end point in chemical potentialtemperature plane where the first order line begins. The heavy ion collision experiments yield statistical observables of QCD matter, including proton number and electric charge fluctuations [3, 4] ,and lattice studies have developed a variety of approaches to searching for structure at µ B = 0 [5] [6] [7] [8] [9] [10] [11] .
To interpret the experimental data in terms of the phase diagram, we need to relate them to signatures derived from theory calculations. Since conventional lattice methods are limited to low baryon density by the sign problem, it is useful to complement the investigation with model studies in which we can thoroughly study the phase structure at µ = 0. We use the models to identify robust signatures of the critical point, such as consequences of the large correlation length, that would be manifest also near a critical point in QCD. The correlation length becomes large near the critical point (CP) because the CP is a second-order phase transition where the mass term in the Landau effective potential for the order parameter σ vanishes, m σ ∼ ξ −1 → 0. Therefore, at the CP, the longest wavelength correlations (of order the system "size") can be investigated using the partition function [12] 
with the Landau effective action
Ω 0 is the energy due to the vacuum expectation value (vev) of the order parameter, σ is the fluctuation around this vev, and for fluctuations at wavelengths similar to the system size, we consider only the zero momentum mode, so the kinetic term ( ∇σ) 2 vanishes. The divergent parts of the fluctuations associated with ξ → ∞ at the CP (an infrared fixed point) are universal
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for systems within the same universal class. The finite parts of the fluctuations are model dependent which can be described by higher dimensional operators in the effective action. Using Eq. (1), statistical observables such as baryon number fluctuations are related to fluctuations of the order parameter [12] . For example, higher order, nonGaussian fluctuation moments are more sensitive to a critical point because they diverge with a larger power of the correlation length, as shown for the third and fourth order susceptibilities [13] [14] [15] .
In this approach, we hypothesize the presence of a critical point, investigate the consequences, and compare them to data. It is important to bear in mind that the conditions we identify for a critical point can only be necessary conditions but not sufficient conditions. Also, there are many assumptions in our attempt to compare with heavy ion data. For example, we assume the fireball is near thermal equilibrium at freeze-out, though critical slowing of dynamics would be important if the fireball approaches the critical point chemical potential and temperature [16] . Additionally, there can be changes in expansion dynamics and interactions that produce variations in particle spectra and acceptance independent of critical phenomena, whose fluctuations must also be controlled for [17] . To claim evidence of a critical point in this context, we should identify as many modelindependent signatures as possible to corroborate interpretation of the data in terms of a critical point.
In this work, we study the Nambu-Jona-Lasinio (NJL) model, which is a QCD inspired field theoretic model with spontaneous breaking of Chiral symmetry [18] [19] [20] . The model comprises distinct flavors of quarks that interact via (effective) point-like 4-fermion operators. At low density and temperature, the model exhibits a non-zero chiral condensate ψ ψ = 0 [21] [22] [23] [24] [25] . The goal is to identify, in the NJL model results, characteristics of fluctuation observables that are predicted to be model-independent by analysis such as given in [13, 15] . Previous work using the NJL model has focused on third moments [14] , or electric charge susceptibilities [26] . Numerical studies of the susceptibilities have also used the Polyakov-loop improved NJL model [27] and Dyson-Schwinger approaches [28] . Some of the model-independent characteristics have been confirmed and cross-checked in the Ising [15] and Gross-Neveu (GN) models [29] .
There are two main goals in this work. The first goal is to make use of the flavor dependence in the NJL model to compute the complete set of susceptibilities on the phase diagram. The second goal is to check whether some model-independent features obtained from a general effective potential analysis then confirmed by the GN model [29] will remain in the NJL model, which belongs to the same universality class with QCD at the CP. These features include: (1) The negative σ-kurtosis ( σ 4 − 3 σ 2 2 < 0) region occurs almost entirely in the symmetric (normal) phase. (2) However, in addition to the σ-kurtosis, there are more critical-mode correlators contributing to the fourth-order baryon number susceptibility (∂ 4 ln Z/∂µ 4 B ) to determine its negative region. (3) The peaks in non-Gaussian susceptibilities on a freeze out line obey an ordering in temperature.
Among those features, we expect (1) to be robust, because they can be understood from the shape of the effective potential around the critical point [29] . We also expect (2) to happen, that is, there are other terms as important as the σ-kurtosis to determine the negative region of (∂ 4 ln Z/∂µ 4 B ). This is based on a general effective action analysis of Ref. [29] to identify terms with leading power divergence in ξ near the CP. We will check it numerically using the NJL model.
II. COMPLETE SET OF FLUCTUATION OBSERVABLES
Fluctuations in conserved charges are important observables because they can be obtained in principle from HIC experiments as well as lattice simulations. Not all fluctuation moments can be measured in practice, and we will discuss below the observationally most relevant subset. The fluctuation moments are derivatives of the partition function with respect to the chemical potentials of the conserved charges:
If α = β = .... we shall also use χ
Recall the first derivative is the expected number, ∂ ln Z/∂µ X ≡ N X , which is conserved and therefore constrained by the initial conditions. For example, since protons and neutrons comprise only up and down quarks and strangeness is conserved by QCD reactions, N s = 0. On the other hand, since the heavy nuclei typically contain more neutrons than protons, the initial state has an isospin asymmetry.
At quark level, we have three independent chemical potentials µ u , µ d , and µ s associated with the conserved quark numbers for u, d, and s quarks, respectively. To compare to experiment, we use the basis of conserved charges {B, Q, S}. The hadron-level strangeness (large S) is defined so that K + has S = +1 in agreement with the experimental notation and opposite the quarklevel definition of the strange charge (small s) where the strange quark has s = −1 and antistrange quark has s = +1. We will use the {q, I, s} basis of charges, where 2µ q = µ u + µ d and µ I = µ u − µ d . Since the isospin potential µ I is also measurable at hadron-level, we can use observations to constrain the chemical potentials, and so also the set of susceptibilities we need to evaluate.
The It is worth noting here that one piece of evidence for non-equilibrium at chemical freeze-out is that particle yield fits are improved by including a strange quark quenching factor γ s , which observationally is ≤ 1. This smaller-than-equilibrium abundance of both s ands can be understood considering that the phase space for producing s,s quarks is smaller due to their moderately large mass m s 90 MeV compared to the temperature T 160 MeV. That is, a substantially smaller fraction of gluons (orpairs) collide with center-of-mass energy ≥ 2m s > 180 MeV, which suppresses the reaction rate for production in comparison to the lifetime of the fireball [31] . Although it impacts the absolute abundance of measured strange particles, it is linearly independent of µ s that controls net strangeness, i.e. the number of strange minus the number of antistrange quarks N s −Ns. With µ s = 0, there is no violation of strange quark number independent the value of γ s .
Additionally, analysis of the charged pion ratio N (π − )/N (π + ) has consistently concluded that µ I = 0 at high beam energies, though µ I can differ from zero at the lowest collision energy √ s N N = 10 GeV [32] . This variation as a function of √ s N N can be understood by the total particle multiplicity becoming much higher for larger √ s N N . We have checked quantitatively in the NJL model, that the phase diagram is weakly dependent on µ I as long as µ I m π /2 65 MeV (this is also found in [33] ). Therefore, in our work we shall for simplicity set µ I = 0 for all µ B .
With µ s = µ I = 0, a complete set of nontrivial susceptibilities up to fourth order is:
These are easy to count in the {q, I, s} basis, because µ I = µ s = 0 implies that odd-order derivatives of µ I vanish identically. When we choose another basis, there can only be 3, 3, and 6 independent susceptibilities at 2nd, 3rd and 4th order respectively. These are plotted in Figs. 2, 3, 5 and 6.
While the long-wavelength correlations are dominated by the iso-scalar critical mode σ and the isospin chemical potential is "small" (as defined below) this relation shows that charge fluctuations diverge like the baryon fluctuations near the critical point [34] . As explained in the next section and Appendix B, the second-order isospin and strange susceptibilities do not have a singularity at the critical point, even in the presence of flavor mixing. By direct computation of χ Q and χ B in the NJL model below, we will verify this fact. On the other hand, because the correlation length in the fireball may peak at ∼ 3 fm, only about twice the thermal correlation length (and much smaller than infinity), the difference between the singular iso-scalar critical mode contribution and the smooth model-dependent contributions to correlations may be less dramatic.
To relate the B, Q, S susceptibilities to the derivatives with respect to quark susceptibilities we need to rewrite partition function in terms of the B, Q, S charges. The grand canonical partition function can be expressed as
whereN X is the number operator, i.e. the time component of the conserved current. This implies that the quark chemical potentials µ q , µ I , µ s are related to the chemical potentials associated with observable numbers µ B , µ Q , µ S using the linear relations between the particle numbers. Starting from the definitions
we have
These relations lead to
and conversely
Using Eq. (9) we can rewrite the observable susceptibilities in terms of quark susceptibilities, which are derivatives of the NJL potential. For example, the baryon susceptibility is
Since net strangeness is conserved and equal to zero N s = 0 independent of the u, d chemical potentials,
so that the second term in Eq. (10) vanishes. Finally, we have
Similarly, the charge susceptibility simplifies
because the cross term ∝ χ us is zero. Note the presence of the strange susceptibility. This shows that both the charge and baryon fluctuations are dominated by the light quark fluctuations, as we expect [34] . The strangehadron susceptibility is
III. SUSCEPTIBILITIES WITH FLAVOR In Ref. [29] , the explicit expressions for the quark (baryon) susceptibilities χ
B in terms of autocorrelation functions of the σ zero mode σ n were derived for the GN model. The k-th order susceptibility requires only correlation functions of k-th order and lower, see Eqs. (6), (7) , and (8) in [29] . While higher order susceptibilities typically diverge with larger powers of the correlation length ξ [13] , we found that the corresponding autocorrelation function σ n does not always provide the complete leading order contribution to χ n . It also implies that the evaluation of χ n can be organized diagrammatically corresponding to a finite set of terms in perturbation theory. As we extend the analysis to NJL, the diagrammatic expansion becomes more complicated, however, we can use it to help explain the behaviour of strange quark susceptibilities near the critical point.
When writing these susceptibilities in terms of order parameter fluctuations, we must include three condensates, one for each flavor, and hence three fluctuation fields σ α , α = u, d, s. Due to the anomaly-induced sixquark interaction vertex, the σ "correlator" (statistical covariance) ∂
2 Ω/∂σ α ∂σ β is not diagonal in flavor. This fact is derived and a brief description of the diagrammatic system is found in Appendix B.
We have checked numerically that the expansion in terms of σ correlators is equivalent to taking the µ derivatives directly at the minimum of the effective potential by brute force, e.g. a finite difference method. The σ-correlator diagrams provide an easier method to organize and analyze the many terms arising from the evaluation of higher order and multi-flavor susceptibilities. Using the diagrammatic system developed in Appendix B, we can quickly identify large contributions to flavordependent observables. As mentioned above, the critical mode is associated with light quarks, since this transition occurs at smaller µ B . Therefore the most divergent contributions are n-point correlation functions of the σ q fluctuations.
The diagrams shown in Figure 1 explain the behaviour of the second order susceptibilities χ II and χ ss . Since the first derivatives with respect to µ I and µ s vanish identically at µ I , µ s = 0, the diagram on the right vanishes because it has only a single µ-derivative acting on the distribution function. As a result, there are no contributions involving σ-correlators to these susceptibilities, and they show no divergence.
In Figures 2, 3 , 5 and 6 we display the complete set of quark susceptibilities χ αβ... up to the fourth derivatives, from which we need to construct the fluctuations of observables.
The third order susceptibilities are straightforwardly understood since each is a single µ q derivative on a second order susceptibilities. Thus, we can confirm by eye the correct behaviours: χis odd across the first order line, corresponding to the peak seen in χ. χ qII has a peak around the first-order line, corresponding to the jump in χ II but remains positive at high µ since χ II continues with positive derivative. The variation of χ ss , exhibited by nonzero χ qss , is too small in magnitude to see in Fig.  2 . The derivative with µ q contributes a singularity at the CEP to each χ qII and χ qss , which arises from a new nonzero diagram, shown in Fig. 4 .
Among the fourth order susceptibilities, three χ (4) q , χ qqII , χ qqss can be understood in the same way as the third order susceptibilities looking at the µ qderivatives of the previous plots. For the other three, we can use the diagrammatic analysis. χ
s can have a singular contribution. Again, the diagrams contributing are severely constrained by the fact that odd derivatives in µ s vanish. The only two diagrams with an even of number of µ s derivatives on the external legs are shown in Figure 7 . The diagram on FIG. 2 . χqq, χII , χss, three independent components of the second order susceptibilities for the conserved charge (q, I, s).
the right does contain a σ correlator, which is flavordiagonal, connecting one s distribution function (loop) to a second. This correlator is also singular at the light quark critical point, due to the flavor coupling term in the NJL Lagrangian. This fact is recognized in many studies of NJL [27] , that the strange condensate also has a small discontinuity across the first order line. However, the singularity at the CEP is suppressed quantitatively by the small discontinuity and large strange quark bare mass. With high precision numerics, it becomes visible in Figure 10 below.
The same diagrams in Fig. 7 contribute to χ
I . With the presence of σ-correlators for the light quarks, we can expect some singularity, larger than in χ (4) s but smaller than in χ (4) q due to some cancellation of leading terms. For χ IIss only the diagram on the right in Fig. 7 contributes (because the (q I q I ) 2 (q s q s ) 2 operators cannot be contracted to a single loop). The σ-correlator implies χ IIss is singular, but again the divergence is relevant only in a very small region, even accounting for the ξ-scaling of the coefficients weighting each σ-correlator contribution.
The cross-correlation in flavor χ qqss receives a larger singular contribution. To see this, consider the four possible diagrams shown in Figure 8 . In each diagram, there are at least two σ q propagators, which together give a s . Due to the µs ↔ −µs symmetry, the only nonvanishing diagram involving a σ field correlator is at right, and can only involve the σs order parameter field.
FIG. 8. Diagrams in the expansion of χuuss
factor ∝ ξ 4 . Further, we can estimate that the dominant effect near the CEP is the diagram with the σ u 3-point function: involving 3 σ correlators (each scaling as ξ 2 ) and the 3-point vertex (scaling as (ξT ) −1.5 , obtained by solving the gap equation near the CP), the diagrams has an overall scaling ∼ ξ 4.5 , before the ξ-dependence of the coefficient is applied. The dominance of this term is confirmed numerically. However, the overall magnitude of the peak is exponentially suppressed by the strange mass as compared to the singularities in light quark susceptibilities, which we have checked by varying the bare mass of strange quark.
Writing out the nongaussian hadron-level susceptibilities, as expected, only 3 third-order susceptibilities and 6 fourth-order susceptibilities are linearly independent.
The third order susceptibilities are
and the fourth order susceptibilities are 
Based on the above analysis, the behaviour of these susceptibilities near a critical point (magnitude and shape) are dominated by the light quark susceptibilities, such as χ
at third order and χ (4) q at fourth order. Only in observables without these two terms can the singularity due to the strange quark fluctuations be visible. We will see these effects in the following section. 
IV. CHARACTERISTICS OF THE SUSCEPTIBILITIES
Here we display the numerical results for the fluctuation observables of primary interest. The volume factors in the susceptibilities are removed by considering ratios
for X = B, Q, S. We display the results for m 1 , m 2 for each conserved charge in Figures 9 and 10 . Note that m 1 (S) ∝ χ sss = 0, so we do not show it. In m 2 (S), we see the divergence in χ (4) s explained above. However, as seen in the scaling of the axes, the magnitude of the singularity and area of the critical region are small. It requires high numerical precision to make the effect visible. Similarly we can form observable ratios from other third-and fourthorder hadron-level susceptibilities, involving strangeness or cross-correlations in baryon and charge fluctuations. The ratio T χ BSS /χ BB is proportional to χ qss ; however, the divergence in χ qss is effectively canceled by the divergence in χ, as suggested by comparing Fig.4 and Fig.1 . Consequently, the ratio shows no singular behaviour at the CEP. For the ratio T 2 χ BBSS /χ BB , χ uuss in the numerator diverges with a larger power of ξ than the denominator, as seen by comparing the diagrams in Fig.8 and Fig.1 , so there is a visible singularity peak at CEP. The shape of T 2 χ BBQQ /χ BB is very similar to m 2 (B) and m 2 (Q), because all three are dominated by the light quark susceptibilities. The results in Fig. 11 confirm that singularities in the isospin and strangeness susceptibilities make small impact on the observable fluctuations.
The area of the positive and negative regions in the m 1 , m 2 for B, Q are seen more clearly in the density plots Figs. 12 and 13. The shapes are consistent with previous results [14] . Note the area of the critical region for the baryon number fluctuations is larger than the same region for charge fluctuations, consistent with the overall larger magnitude of the baryon fluctuations seen in Figs. 9 and 10. The area of the critical region for strangeness is smaller still than for the charge fluctuations, and is due to the small effect of the singularity on the strange quark susceptibilities away from the critical point. In the context of the conventional equilibrium fluctuations framework to look for signatures of a critical point, the large mass of the strange quark (comparable to T, µ q ) suppresses fluctuation observables. However, this analysis does not account for the possible impact of nonequilibrium dynamics, such as critical slowing, on strangeness yields and fluctuations.
In addition, following [15] and [29] , we show the result of extracting the values of m 1 and m 2 along various hypothetical freeze-out lines chosen to pass varying distances from the critical point. The freeze-out lines are shown in the top frame of Fig. 14 . The behaviour of m 1 (B) and m 2 (B) along the freeze-out lines shows good qualitative agreement with the previous GN model calculations, supporting the robustness of these shapes and their variation with distance from the CEP. The profile of charge fluctuations along the freeze-out line is very similar to the baryon fluctuations, with the apparent difference due to the overall smaller amplitude of the variation. In Fig.16 , we show the ratios involving strangeness along the freezeout lines, T 2 χ BSS /χ BB , m 2 (S) and T 2 χ BBSS /χ BB . As the critical region for strangeness is very small, these ratios are not sensitive to the singularity of the strange quark susceptibilities.
Finally, we show how m 1 and m 2 vary in relation to each other along the freeze-out line. 1 In Fig. 17 , decreasing √ s N N (increasing µ B or decreasing T ) starts from m 1 = 0 and continues in an anti-clockwise trajectory around the loop. The convergence of the lines at high T (close to m 1 = 0) is due to the convergence of the hypothetical freeze-out lines in our modeling, see Fig. 14 (top). For the lower T freeze-out lines (green dashed and blue dotted lines), the loop does not close. Even so, the low T /high µ end of the trajectory is the same for 1 We thank R. Gavai for suggesting this plot.
FIG. 11.
Ratios of cross-correlations T 2 χBBQQ/χBB, T 2 χBSS/χBB, and T 2 χBBSS/χBB on the phase diagram. all freeze-out lines because the statistics and fluctuations are given by m, µ-dominated thermal distributions there. These plots show clearly the ordering of features
which was found also in the GN and Ising models. (In the Ising model, we plot the kurtosis of the magnetization ∂ 4 M/∂H 4 versus the skewness ∂ 3 M/∂H 3 along lines of constant H, yielding a plot of the same shape as Fig. 17. ) Again, the magnitudes of the m 1 , m 2 are much greater for baryon fluctuations than for charge fluctuations. We expect these characteristics are robust. Nonequilibrium effects and higher-order, model-dependent corrections will perturb the loop. However, given also the similarity to the GN and Ising results, it appears large corrections would be necessary to affect the ordering in Eq. (18) . For ratios with strangeness, this ordering is not seen, because the critical region for strangeness is too small to impact the observables along the chosen freeze-out lines.
V. CONCLUSION
In this paper, we have investigated the behaviour of non-Gaussian fluctuations of baryon number, electric charge and strangeness on the phase diagram. Our purpose was to characterize their dependence at µ = 0 and find robust qualitative features that can be used to help interpret experimental data in the search for a QCD critical point. To this end, we evaluated the third-and fourth-order susceptibilities in the NJL model, which is in the same universality class as QCD. Our analysis is limited to the mean-field approximation which means that we have not included several known corrections: modifications to the critical exponents controlling the divergence of the correlation length at the CEP, and modeldependent corrections described by higher-dimensional operators in the low energy effective field theory. The corrections to the critical exponents are better known quantitatively, but model-dependent corrections are less wellcontrolled and their importance is not known in the context of the physical fireball where the correlation length of the critical mode may not be much larger than thermal correlation length. fourth-order susceptibilities that are likely to be robust. These are:
1. Baryon number fluctuations are the largest in amplitude. This is because they are dominantly composed of the leading singular contributions from the light quark susceptibilities. Charge fluctuations are suppressed by numerical coefficients, as seen by comparing the expansions in Eq. (15) and Eq. (16) . Strangeness fluctuations are the smallest in amplitude, though at high order they also show a singularity at the critical point. The strangeness fluctuations are suppressed by the relatively large bare mass of the strange quark, m s ∼ T .
2. The "critical region" where we see nonmonotonicity in m 1 and m 2 along hypothetical freeze-out linesis largest for baryon number fluctuations. Therefore it provides the largest signal for freeze-outs occurring farther in the µ, T plane from the CP. This act follows from the amplitude of the fluctuations being largest.
3. The qualitative profile of the third and fourth order susceptibilities along the freeze-out line is modelindependent. m 1 for both B, Q has a single peak at a temperature greater than the CP. m 2 has first a minimum and then a peak as the critical point is approached from high T (equivalently larger collision energy may be accessible at chemical freeze-out in the symmetry broken phase. These behaviours have been seen in the GN and NJL models.
4. The features of the m 1 and m 2 freeze-out profiles obey a numerical ordering temperature or collision energy, given by Eq. (18) . This is demonstrated by plotting m 2 versus m 1 along the freeze-out line, and we have argued this trajectory is difficult to change in qualitative features.
It is our hope that these features can aid the interpretation of experimental data for the third-and fourth-order susceptibilities. Although our results may support preliminary indications of critical behaviour in the data, it is clear that much more work is required to identify these signatures with a QCD critical point. Appendix A: NJL model
In our study, we consider the 3-flavor NJL model with two degenerate light quarks and a heavier strange quark. The quark level Lagrangian is
The model parameters are the "bare" quark masses m i and the 4-fermion couplings G, K. In addition, for numerical evaluation of the effective potential below we must introduce a momentum cutoff Λ. These model parameters are fixed by matching the pion, kaon, η masses and the pion decay constant in vacuum, m π = 138 MeV, m K = 495 MeV, m η = 958 MeV and f π = 93 MeV. We use the residual freedom to set the light quark mass near the physical point, so that the parameter set is To solve the model and study the phase diagram, we take the mean field approximation. After shifting the quark bilinears with their vacuum expectation values→+ ϕ q , the quark fields can be integrated out, and we obtain an effective potential depending only on T, µ q and ϕ q (q = u, d, s). As long as the isospin chemical potential
the u, d condensates are equal and transition at the same µ, T . Pseudoscalar, vector and pseudovector diquark condensates are also suppressed and can be ignored. Experimental data indicates that this condition holds even at the lowest collision energies. The resulting effective potential has the form
where Θ(x) is the Heaviside step function, E 2 f = p 2 +M 2 f . The last two terms in Ω f are respectively the particle and antiparticle fermi distributions including the chemical potential. The M f are effective masses, functions of the condensates
The term off-diagonal in flavor implies that the strange quark condensate is discontinuous where the light quark condensates are discontinuous and vice versa. The larger bare mass of the strange quark means the impact of explicit chiral symmetry breaking is larger than for the light quarks, and its phase transition occurs only for larger chemical potential and temperature, see [29] for discussion how the position of the critical point depends on the bare quark mass. If a critical point is accessible to lattice or HIC, it will be the light quark critical line, which is at lower chemical potential and temperature. However, due to the flavor coupling, some evidence of the criticality will be manifest in the strange susceptibilities. We will discuss this point further below. Note that the second term contains a factor which has the form of a two-point correlator of the σ field. When we write out a general (second order) susceptibility, we find two terms
A similar relation has been discussed by [35] . The first is the second derivative at the minimum of the potential, and the second relates µ-derivatives at different points through the σ two-point function. We express this naturally by the diagrams in Figure 1 . This "σ correlator"
is not diagonal in flavor space due to the anomalyinduced interaction (proportional to K). The third and fourth order susceptibilities include new terms, such as the σ three-and four-point functions. By writing out all the diagrams constructed from these pieces, one may search higher order susceptibilities for their most singular contributions.
